Int J Theor Phys (2008) 47: 1270-1277
DOI 10.1007/s10773-007-9560-6

Spin Squeezing of the Two Two-Level Atoms Interacting
with a Binomial Field

Jun-Mao Ma - Zhi-Yong Jiao - Ning Li

Received: 16 July 2007 / Accepted: 7 September 2007 / Published online: 20 September 2007
© Springer Science+Business Media, LLC 2007

Abstract Spin squeezing of the two two-level atoms interacting with a binomial field has
been investigated with the different initial conditions. It is shown that spin squeezing can be
exhibited in the certain range of p and the degree of squeezing is dependent on p.
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1 Introduction

The squeezing of quantum fluctuations is one of the most fundamental manifestations of the
Heisenberg uncertainty relation, which is among the most important principles of quantum
mechanics. Over the past decades, much attention has been paid to atomic spin squeezing
[1,2,5,7,9, 10, 14, 16]. Why is much attention devoted to spin squeezing? On the one
hand, spin squeezing has potential applications to ultra-precise spectroscopy and atomic
clocks [12, 13]. On the other hand, some authors have established the relationship between
the squeezing of the atoms and that of the radiation field [11]. Moreover, it has been shown
that squeezed atoms can radiate a squeezed field [4].

In many previous studies of spin squeezing, the field was assumed to be a coherent field or
a squeezed field. But less attention has been paid to the spin squeezing of atoms interacting
with a binomial field. In the present work we will study the mechanism of the spin squeezing.

This paper is organized as follows. Section 2 studies the solution of the model. Section 3
gives the definition of spin squeezing. Section 4 investigates the numerical results of spin
squeezing. A conclusion is presented in Sect. 5.
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2 The Model and Its Solution

The effective Hamiltonian of the model under consideration in this paper in the rotating-
wave approximation can be written as (h = 1)

H=Hy+V, (1

where
Hy=wa*a+wy0" +0), @)
V=@ o +ac® +a*o® +ac®), 3)

where a™(a) is creation (annihilation) operator of the single-mode binomial field, oz(l),

0(2), 0(1) J(rl) £2)’ and 0(2)

are the usual pseudospin operators acting in the space of
atomic states and obey the commutation relations [Ufr1 Lo = oV, oV, oM =+o",
[crf), @1 = o2, and [6?, 0i?1=+0?, w and w, are the frequencies of the binomial
field and the atomic transition, respectively, g is the atoms-field coupling coefficient.

We consider that at r = 0 the two atoms are in one of the following Bell states

1
lpa(0))4 = E(Igg) +ilee)), 4
lpa(0))- = L(I ) —ilee)) Q)]
YA -= 2 88 s

1
[#4(0))y = E(Ig@ +ileg)). (6)
[$4(0))- = %(Ige} —ileg)). @)

The complete Bell states have been generated in a thermal cavity [15]. Unified atomic state
can be written as

V4 (0)) = yilee) + v2leg) + yalge) + valgg). ®

The above four Bell states can be obtained by choose appropriate values of yi, ¥2, V3, Va
in (8).
The light field is initially in the binomial state

Yr(O) =1p, M) = ZBM ©)

where
M! 172
M_|\_ 7 n _ M—n
B} —[m(M_n),p (1-p) ] , (10)

where M, in this paper we take M = 100, is the maximum photon number present in the
field and p is the characteristic probability of having each photon occurring. The single-
mode binomial state of the quantized electromagnetic field was presented by Stoler et al.
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in 1985 [6]. From (9) and (10) we can found that given any (finite) M, if p =0, |p, M)
is reduced to the vacuum state |0). On the other hand, if p = 1, we obtain the number
state |[n = M). Moreover, in the limit p — 0 and M — oo, but with pM = o? constant,
the binomial distribution turns into a Poisson distribution and |p, M) becomes a coherent
state |«). It is interesting to found that by changing two parameters (p and M) in a binomial
state, we can obtain fundamentally different states of the electromagnetic field.

The initial state of the system is a decoupled pure state, and the state vector can be written
as

[Vra(0)) = [¥r(0) ® [14(0)) ZB (vilee,n) +yaleg, n) + yslge, n) + yilgg. n)).
(11

As the time goes, the evolution of the system in the interaction picture is governed by the
state vector

[Yra(D)) =la)lee) + b)leg) + Ic)lge) + |d)Igg), (12)
where
M
=Y a(m.t)n), (13)
M
= b(n.1)n), (14)
M
le) =) cln, nin), (15)
n=0
M
=Y dn.0)ln). (16)

Solving the Schrodinger equation

a
i Wra@) =VIyra®)), a7

we can obtain

aln,t) =e3(n+1)—1i ,2(2 +3) [e1(n 4 1) sin(y/2(2n 4+ 3)gt)

—&m+1)cos(v/22n+3)gt)] (n=0,1,2,..., M), (18)
b(n,t) =c(n,t)= %81(11) cos(v/2(2n + 1)gt)

+%82(n)sin(\/2(2n+1)gt) n=1,2,3,..., M), (19)
din,t)y =e4(n—1)—1i # [e1(n — 1)sin(y/2(2n — 1)gt)
—&(m—1)cos(y/22n — gt)] n=2,3,4,..., M), (20)
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b(0,1) = c(0,1) = %(yz + y3) BY cos(v/2gt) — i%me” sin(v/2g1), Q1)
d(0,1) = By, (22)
dﬂJ%=MBVwﬁVZﬂ%4;%OQ+V933ﬁmv5ml (23)
where
e1(n) = (12 +v3) B, (24)
e(n) = —i E%ﬂmﬁm%+m%ﬂjwﬁx (25)
£3(n) = 2n+l(y1(n+1)B,i”_1 —y/n(n+ 1B ), (26)
evin) = 5 (anBll, — i/ DB, @7)

3 The Definition of Spin Squeezing

It is necessary for us first to give a general definition [8] of what we mean by squeezing
or reduction of quantum fluctuations. For two arbitrary operators A and B which obey the
commutation relation [A, B] = C, the product of the uncertainties in determining their ex-
pectation values is given by

AAAB > %l(C)l, (28)

where (AA)? = (A?) — (A)? and (AB)? = (B?) — (B)2. We will define squeezing if the
uncertainty in one of the observables satisfies the relation

1 1
(AA)2<§|(C)| or (AB)2<§|(C>|- 29)

Over the past decades, many different definitions of spin squeezing have been used de-
pending on the context in which squeezing is considered [3, 5, 12, 16]. In this paper, spin
squeezing parameters are based on angular-momentum commutation relations. From the
commutation relation [J,, J,] =i J;, the uncertainty relation between different components
of the angular momentum is given by

1
AJ AT, > §|<JZ)|, (30)
where
Jy=0" 40, (31)
J=o0P 452, (32)
1 (1) (2)
=500 +02), (33)
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1
Ji = §(J+ +Jo), (34)

1
Jy= (= 1), (35)

Without violating Heisenberg’s uncertainty relation, it is possible to redistribute the uncer-
tainty unevenly between J, and J, so that a measurement of either J, or J, becomes more
precise than the standard quantum limit /]{J.)[/2. States with this property are called spin
squeezed states in analogy with the squeezed states of a harmonic oscillator. Consequently,
two squeezing parameters can be written as

1

Fi=(AJ)* — S, (36)
1

F, = (AJ)* - S (37)

If the parameter F; (F>) satisfies the condition F; < 0 (F, < 0), the fluctuation in the com-
ponent J, (J,) is said to be squeezed.

4 Numerical Results and Discussion

In the light of the complexity of the analytical results of F; and F, given by (36) and (37),
F, and F, are numerically solved. It is found that F; (F,) for the atoms initially in Bell
state |4 (0)), and Bell state |@4(0))_ always has the same numerical results and the same
regulation is discovered in Bell state |¢4(0)), and Bell state |¢4(0))—. So the only two
situations for the atoms initially in Bell state |¢4(0)); and Bell state |[¢4(0)); are shown
as follows. Figure 1 shows spin squeezing for the atoms initially in Bell state |@4(0)).
Figure 2 shows spin squeezing for the atoms initially in Bell state [¢4(0)).

On the other hand, by a lot of numerical computation, it is found that the fluctuation
in the component J, isn’t squeezed for the atoms initially in Bell state |4 (0)), and the
fluctuation in the component J, isn’t squeezed for the atoms initially in Bell state |¢4(0)) .

4.1 Atoms Initially in Bell State |p4(0)), = %(|gg) +ilee))

In the case of y; = ﬁ and y4 = %, the initial state of the atoms is reduced to Bell
state |¢4(0)),. Figure 1 indicates the influence of the characteristic probability p on time
evolution of F; for the maximum photon number M = 100, the atoms initially in Bell
state |94 (0)).

According to our numerical computation, it is found that spin squeezing for J, is exhib-
ited in the certain area 0.98 < p < 1. But the fluctuation of J, isn’t squeezed for any p.
From these pictures, we can find the degree of spin squeezing is rapidly close to zero when

p is close to 1.

4.2 Atoms Initially in Bell State [¢4(0)) + = =5 (Ige) +ileg))

In the case of y, = ﬁ and y; = %, the initial state of the atoms is reduced to Bell
state |¢4(0)). Figure 2 indicates the influence of the characteristic probability p on time
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Fig. 1 Time evolution of F; for the maximum photon number M = 100, the characteristic probability
(@) p=0.98; (b) p=0.99; (c) p =0.995; (d) p =0.999; (e) p =0.9999; (f) p =0.99999

evolution of F, for the maximum photon number M = 100, the atoms initially in Bell
state |4 (0)) .

Through a lot of numerical computation, it is found that spin squeezing for J, is exhibited
in the certain area 0.96 < p < 1. But the fluctuation of J, isn’t squeezed for any p. From
these pictures, we can find the degree of spin squeezing is rapidly close to zero when p is
close to 1. Comparing Fig. 2 with Fig. 1, we can observe that the degree of the maximal
squeezing is larger than in Fig. 1.
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Fig. 2 Time evolution of F, for the maximum photon number M = 100, the characteristic probability
(@) p=0.96; (b) p=0.97; (c) p=0.98; (d) p=0.99; (e) p =0.999; (f) p =0.9999

5 Conclusion

In this paper, we have investigated the spin squeezing of the two two-level atoms inter-
acting with a binomial field. For the different initial conditions, the corresponding re-
sults are different. Firstly, F, (F3) for the atoms initially in Bell state |@4(0)), and Bell
state |p4(0))_ always has the same numerical results and the same regulation is discovered
in Bell state |¢4(0))+ and Bell state |¢4(0))_. Secondly, it is found that the fluctuation in the
component Jy, isn’t squeezed for the atoms initially in Bell state |4 (0)) and the fluctuation
in the component J, isn’t squeezed for the atoms initially in Bell state |¢4(0)) . Finally, for
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the atoms initially in Bell state |4 (0)), spin squeezing for J, is exhibited under the con-
dition 0.98 < p < 1. For the atoms initially in Bell state [¢4(0)), spin squeezing for J, is
exhibited under the condition 0.96 < p < 1.
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